In this work, an eigenfunction expansion approach is used to study the dynamic response of a cable-stayed bridge excited by a continuous sequence of identical, equally spaced moving forces. The nonlinear dynamic response of the cable-stayed bridge is obtained by simultaneously solving nonlinear and linear partial differential equations that govern transverse and longitudinal vibrations of stay cables and transverse vibrations of segments of the deck beam, respectively, along with their boundary and matching conditions. Orthogonality conditions of exact mode shapes of the linearized cable-stayed bridge model are employed to convert the coupled nonlinear partial differential equations of the original nonlinear model to a set of ordinary differential equations by using the Galerkin method. The dynamic response of the cablestayed bridge is numerically solved. Convergence of the dynamic response from the Galerkin method is investigated. Effects of close natural frequencies, mode localization, the distance between any two neighboring forces, and geometric nonlinearities of stay cables on the forced dynamic response of the cable-stayed bridge are captured using a convergent modal truncation.
Introduction
Dynamic vehicle-bridge interaction (VBI) problems have attracted much attention of investigators for over a century. [1] [2] [3] [4] Researchers focused on the development of models of vehicle-bridge systems and computational methods, which were mainly dependent on the power of computers at that time. Most earlier studies associated with VBI problems focused on very basic and simple cases, where moving force or moving mass models were considered with basic beam models. [1] [2] [3] [4] The basic beam models were described by partial differential equations, and their analytical or closed-form solutions are available.
In the past decades, cable-stayed bridges have been widely used all over the world due to their economic advantages and aesthetic qualities. Many studies have focused on VBI problems of cable-stayed bridges since this type of bridges can exhibit interesting dynamic behaviors, such as energy transfer between different vibration modes and the beating phenomenon. 5 With the advent of high-speed computers, computationally efficient numerical techniques have been developed to model and analyze VBI problems of complex cable-stayed bridges. The finite element method is one of the most versatile numerical methods used by most researchers. However, the finite element method is time-consuming and inconvenient for parameter studies due to large numbers of elements and amount of input data. Hence, the modal superposition method was used to study dynamic behaviors of VBI problems formulated by finite element models, which truncated higher vibration modes and considerably reduced numbers of equations. 4, [6] [7] [8] [9] For instance, Madrazo-Aguirre et al. 9 employed this method to conduct dynamic analysis of an under-deck cable-stayed bridge with steelconcrete composite decks subjected to a moving load.
On the other hand, due to much computational time and model complexity, new strategies such as a substructure method were developed to model complex bridge structures. [10] [11] [12] [13] [14] Close natural frequencies and mode localization often occur in complex structures that are composed of several components. Pierre 15 found that mode shapes are strongly localized in nearly periodic structures with weak coupling. Wei and Pierre 16, 17 found the same phenomenon in shrouded blade assemblies with cyclic symmetry. Natsiavas 18 used a perturbation method to investigate the mode localization phenomenon in a 2 degree-of-freedom damped linear oscillator. Further investigations of similar systems were performed in Balmes. 19 Cao et al. 20 studied the free vibration of a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two towers for various symmetrical and non-symmetrical bridge cases with regard to sizes of components of the bridge and initial sags of cables and found that there are very close natural frequencies when the bridge model is symmetrical and/or partially symmetrical, and mode shapes tend to be more localized when the bridge model is less symmetrical.
As mentioned by Wei and Pierre, 17 neglecting the localization phenomenon caused by small mistuning may lead to qualitative errors in the forced response of a periodic structure. However, to the authors' best knowledge, effects of closed natural frequencies and mode localization on the vehicle-induced vibration of the cable-stayed bridge have not been investigated. Dynamic analysis of a beam excited by a sequence of moving mass loads has attracted many researchers [21] [22] [23] [24] since it has many practical applications such as a train traveling on a railroad track.
In this work, an eigenfunction expansion approach is used to study the dynamic response of a cable-stayed bridge subjected to a continuous sequence of identical, equally spaced vehicles traveling at a constant speed across the bridge deck. For simplicity, the vehicles are modeled as moving forces. Geometric nonlinearities of stay cables are taken into consideration. Nonlinear and linear partial differential equations that govern transverse and longitudinal vibrations of the stay cables and transverse vibrations of segments of the deck beam, respectively, are derived, along with their boundary and matching conditions. The exact natural frequencies and mode shapes of the linearized undamped cablestayed bridge model are used to spatially discretize partial differential equations of the original nonlinear cable-stayed bridge model with damping. The dynamic response of the cable-stayed bridge is obtained by solving the resulting nonlinear ordinary differential equations (ODEs) via a numerical method. Convergence of the Galerkin method for the dynamic response of the cable-stayed bridge subjected to a continuous sequence of moving forces is investigated. Effects of closed natural frequencies, mode localization, the distance between any two neighboring forces, and geometric nonlinearities of stay cables on the forced dynamic response of the cable-stayed bridge are captured using a convergent modal truncation.
Problem formulation
As shown in Figure 1 , a cable-stayed bridge consists of a simply supported four-cable-stayed deck beam and two towers subjected to a continuous sequence of moving concentrated forces. The deck beam consists of Figure 1 . Schematic of a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two rigid towers, subjected to a continuous sequence of identical, equally spaced moving forces.
seven segments separated by its junctions with the stay cables and towers. The following assumptions are made in the formulation of the vibration problem of the cable-stayed bridge model subjected to a continuous sequence of moving forces: (1) the cable-stayed bridge is modeled as a planar system. (2) Both the cables and the deck beam are considered as a homogeneous onedimensional continuum having linear elastic behaviors. (3) The two towers, to which the stay cables are attached, are built on a hard rock foundation and can be assumed to be rigid; 20, 25 they are connected to the deck beam through roller supports. (4) The concentrated forces are equally spaced and have the same amplitude, moving from the left end of the deck beam to its right end; the initial displacement and velocity of the stay cables and deck beam are all zeros.
The four stay cables are anchored to the deck beam at junctions S 1 , S 3 , S 4 , and S 6 , and the two towers are connected to the deck beam at junctions S 2 and S 5 . The junctions S 1 , S 2 , ., S 6 divide the deck beam into seven segments b 1 , b 2 , ., b 7 . The length, mass per unit length, elastic modulus, and cross-sectional area of the stay cable 
2 in its domain, while the static deflection of the deck beam is assumed to be negligible. With respect to the above equilibrium configuration, the dynamic configuration of the cable-stayed bridge model is completely described by longitudinal and transverse displacements of the stay cables U c i (X c i , t) and V c i (X c i , t), respectively, and transverse displacements of the segments of the deck beam V b j (X b j , t).
The following nondimensional variables are introduced
where
. Moreover, the following nondimensional parameters need to be introduced to furnish a complete definition of elastodynamic properties of the cable-stayed bridge model
where H c i is the tension in the stay cable c i on which its initial sag is dependent, that is, D c i = (m c i gL
, in which g is the acceleration of gravity. Transverse damping per unit length of the stay cable c i and segment b j of the deck beam are denoted by C c i and C b j , respectively, and their nondimensional parameters are defined by
respectively. The Newtonian method is used to derive both the nonlinear equations of motion of the cable-stayed bridge model and a full set of boundary and matching conditions. Assuming that cable longitudinal inertial forces (m c i € U c i ) are negligible in the prevalent lowfrequency transverse vibration of the cable-stayed bridge, the longitudinal cable displacement U c i can be statically condensed, leading to coupled nonlinear dynamic equations in terms of only the transverse cable and deck beam displacements V c i and V b j , respectively. The equations of motion governing the transverse vibration of the cable-stayed bridge model read
where a prime and dot denote differentiation with respect to nondimensional local abscissae x c i and x b j and the time t, respectively; d is Dirac delta function; e c i (t) represents the uniform dynamic elongation given by
The functions v c i and v b j satisfy the following geometric boundary conditions for any value of t
The matching conditions at the junction S k , where k = 1, 3, 4, 6, which involve the stay cable c i , are
The matching conditions at the junction S k , where k = 2, 5, with a roller support are
Equations (4) and (5) together with the boundary and matching conditions in equations (9)- (19) describe the nonlinear forced vibration of the cable-stayed bridge. The equations governing the small amplitude free vibration of the cable-stayed bridge can be obtained by linearizing equations (4)- (19) and neglecting the structural damping and external loadings in the neighborhood of the equilibrium configuration. The rth undamped natural frequency v r and its corresponding eigenfunction of the linearized cable-stayed bridge model can be numerically solved using the methodology in Cao et al. 20 The rth undamped eigenfunction of the transverse vibration of the linearized cable-stayed bridge model can be expressed by
Solution method
The Galerkin method is used to analyze the vibration of the cable-stayed bridge. The dynamic response of the stay cable c i and segment b j of deck beam are expressed by
where q r (t) are generalized coordinates. Substituting equation (20) into equation (4) yields
Substituting equation (21) into equation (5) and recalling equations (1) and (7)- (8), one has
Multiplying equation (22) 
dx c i , M s are positive constants, and d sr is Kronecker delta, one obtains spatially discretized equations of the cablestayed bridge
where q(t) = q 1 (t), q 2 (t), . . . , q N (t) ½ T ; ½M, ½C, and ½K are N 3 N real symmetric mass, damping, and stiffness matrices, respectively; and N Q and N C are N-dimensional vectors whose entries are quadratic and cubic nonlinear terms, respectively; and F MF is an N-dimensional modal force vector. Entries of the matrices ½M, ½C, and ½K, and the vectors N Q , N C , and F MF are
ci dx c i +
respectively. Equation (26) 
Numerical results and discussion
Geometric and physical parameters of a cable-stayed bridge are listed in Table 1 . The first 20 natural frequencies of the cable-stayed bridge and their corresponding mode shapes are calculated using the method in Cao et al. 20 and listed in Figure 2 . It can be seen that symmetrical and anti-symmetrical mode shapes alternatively occur since the bridge model is symmetrical. An index G r is introduced as in Cao et al. 20 to measure the degree of closeness of the rth natural frequency to its neighboring natural frequencies
An index L ri 20,26 is introduced to measure the degree of localization of the rth mode shape of the stay cable c i
Song et al.
The degree of localization of the rth mode shape of the deck beam can be measured by 1 À P 4 i = 1 L ri . The closeness degrees of the natural frequencies and the degree of localization of the mode shapes of the stay cables and the deck beam are shown in Table 2 . A natural frequency is said to be close to its neighboring natural frequencies if its closeness degree is larger than zero and less than 0.05%, and a mode shape is said to be localized at stay cables when the degree of localization of the deck beam is less than 5.00%. It is observed that mode localization occurs on the stay cables when there are close natural frequencies, but the converse may not be true (mode localization occurs for mode 11, but the natural frequencies are not close). With zero initial conditions, the dynamic response of the cable-stayed bridge can be calculated from equation (26) using MATLAB's hybrid fourth/fifth-order variable-step Runge-Kutta solver, ode45. It should be noted that F a = 0:6m b g, and the modal damping ratio C rs in equation (28) is always equal to 0:1d rs for all the following calculation.
When the distance between any two neighboring forces (L F ) is 30 m, the transverse displacement of the Table 2 . The degrees of localization of the mode shapes of different components and the closeness degrees of the natural frequencies. mid-point of the deck beam with two different velocities (V F ) of the moving forces, namely, V F = 17 m/s and V F = 100 m/s are shown in Figure 3 (a) and (b), respectively. The number of Galerkin truncation terms is set to 10, 20, and 50. The results presented in Figure 3 and other results for a large number of cases that are not reported here for the sake of brevity show that Galerkin truncation with 20 terms yields rather accurate results for the dynamic response of the cablestayed bridge subjected to a continuous sequence of moving forces when the value of L F is larger than 30 and the value of V F is smaller than 100. In the following numerical examples, the first 20 modes of the linearized undamped cable-stayed bridge model are used in the Galerkin method. For 1 m=s V F 100 m=s, Figure 4 plots the amplitude of the steady-state response of the mid-point of the deck beam versus the velocity of the moving forces with Table 3 . However, as shown from the linear solutions in Figure 4 , there are not peaks on the curve when the moving velocity of the forces is a resonant velocity except the 1st, 3rd, 7th, 9th, 13th, and 19th resonant velocities. The reasons for this lie in the following two facts: (1) the mid-point of the deck beam happens to be a node of the mode shapes for modes 2k (k = 1, 2, 3, .) that are anti-symmetric, which results in a zero dynamic displacement for the mid-point of the deck beam when the velocity of the moving forces is the 2kth resonant velocities. (2) The mode shapes are localized on the stay cables for modes 5, 11, 15, and 17; hence, the moving forces cannot excite the vibration of the cable-stayed bridge when their velocity is the 5th, 11th, 15th, and 17th resonant velocities, which can be seen from equation (32).
Resonance can also occur when the velocity of the moving forces is the product of a unit fraction and a resonant velocity, which can be seen from the peaks when the velocity of the moving forces is V v1 /2, V v1 /3, V v13 /2, and V v19 /4 on the linear solutions in Figure 4 . The reason for this lies in the fact that there are higher harmonics with frequencies equal to integer multiples of the fundamental frequency 2p/T in the Fourier series Figure 4 , one can see that the geometric nonlinearities of the stay cables have some influence on the dynamic response of the cable-stayed bridge. Generally, the peaks of the curves do not exactly occur at the undamped natural frequencies of the linearized model of the cable-stayed bridge. However, the linear and nonlinear solutions almost coincide with each other when the velocity of the moving forces is around the 19th resonant velocity. The reason for this lies in the fact that the deck beam, which is a linear component, has a major contribution to the dynamic response of the cable-stayed bridge since the mode shape for mode 19 is localized on the deck beam. Figure 5 shows the amplitude of the steady-state response of the mid-point of the deck beam versus the distance between any two neighboring forces when the velocity of moving forces is the first resonant velocity. It can be seen that there are a critical distance L F = 193 m. In the region L F \ 193 m, the amplitude of the steady-state response of the mid-point of the deck beam generally increases with L F and in the region L F . 193 m decreases with L F . However, there are fluctuations at some L F . It can also be seen from Figure 5 that the geometric nonlinearities of the stay cables have some influence on the dynamic response of the cablestayed bridge.
Conclusion
The dynamic behavior of a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two rigid towers subjected to a continuous sequence of identical, equally spaced forces moving at a constant velocity has been investigated. The dynamic response of the cable-stayed bridge is calculated using the Galerkin method via MATLAB. Some conclusions from the numerical simulation are as follows: (1) the moving forces with a resonant velocity corresponding to a mode of the cable-stayed bridge, whose natural frequency is close to those of its neighboring modes and whose mode shape is localized on the stay cables, cannot excite the vibration of that mode. This means that modes with close natural frequencies, whose mode shapes are localized on stay cables, play a minor role in the dynamic response of the cable-stayed bridge. (2) The geometric nonlinearities of stay cables can generally have some influence on the dynamic response of the cable-stayed bridge, but have almost no influence on that when the velocity of the moving forces is around the resonant velocity corresponding to a mode whose mode shape is localized on the deck beam. (3) Resonance can also occur when the velocity of the moving forces is the product of a unit fraction and a resonant velocity. (4) There is a critical distance between any two neighboring forces below which transverse displacements of the cable-stayed bridge generally increase with the distance.
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